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For a positive integer m, a group G is said to have the m-DCI property if, for
any Cayley digraphs Cay(G, S) and Cay(G, T ) of G of valency m (that is,
|S|=|T |=m), Cay(G, S)$Cay(G, T ) if and only if S_=T for some _ # Aut(G).
This paper is one of a series of papers towards characterizing finite groups with the
m-DCI property. It is shown that, for infinitely many values of m, there exist
Frobenius groups with the m-DCI property but not with the k-DCI property for
any k<m. Further, it is conjectured that for relative small values of m, these groups
and an explicit list of groups given by C. H. Li, C. E. Praeger, and M. Y. Xu (1998,
J. Combin. Theory Ser. B 73, 164183) contain all finite groups with the m-DCI
property. This conjecture is verified for the case m4.  1999 Academic Press
1. INTRODUCTION
For a finite group G and a subset S of G* :=G"[1], we define the
Cayley digraph of G with respect to S to be the directed graph Cay(G, S)
with vertex set G and edge set [(a, b) | a, b # G, ba&1 # S]. By the defini-
tion, Cay(G, S) has (out)valency |S|, and Cay(G, S) is connected if and
only if (S)=G. A Cayley digraph Cay(G, S) is called a CI-graph of G if,
for any T/G, Cay(G, S)$Cay(G, T ) implies S_=T for some _ # Aut(G).
(CI stands for Cayley Isomorphism.) For a positive integer m, if all Cayley
digraphs of G of valency m are CI-graphs, then G is said to have the
m-DCI property.
The problem of characterizing finite CI-graphs is a long-standing open
problem about Cayley graphs, see surveys [1, 11, 18, 19]. Regarding this
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problem, Praeger, Xu and the author in [14] initiated a study of finite
groups with the m-DCI property, and proposed
Problem [14]. Characterize finite groups with the m-DCI property.
This paper contributes towards a classification of finite groups having
the m-DCI property.
In [14], a general investigation is made of the structure of Sylow sub-
groups of groups with the m-DCI property for certain values of m. In [10],
it is proved that if G is an abelian group with the m-DCI property then
every Sylow subgroup of G is homocyclic. (Here a group is called
homocyclic if it is a direct product of cyclic groups of the same order.)
Further, a reasonably complete classification of the cyclic groups with the
m-DCI property is obtained in [9]. If a group G has the i-DCI property
for all im, then G is called an m-DCI-group. Finite m-DCI-groups have
been investigated for a long time, see for example [2, 3, 5, 12, 1518]. In
particular, Zhang [23] obtained a description of 1-DCI-groups; Praeger,
Xu and the author [15] proved that if G is an m-DCI-group for m2 then
G=U_V where ( |U |, |V | )=1, U is abelian and V lies in an explicitly
determined short list. If a group G has both the 1-DCI property and the
m-DCI property for some m2, then G is well-characterized in [23],
which is improved in [13, Corollary 1.3]. In view point of induction on m,
the problem of characterizing finite groups with the m-DCI property is
therefore reduced to the following problem:
Problem 1.1. For an integer m2, characterize the finite groups which
have the m-DCI property but do not have the k-DCI property for any
k<m.
Regarding this problem, the first question we face is, for an integer
m2, whether there exist groups which have the m-DCI property but do
not have the k-DCI property for any k<m. Theorem 1.3 of [14] gives
such examples for m=2. The first result of this paper is, for infinitely many
values of m, to construct a family of groups which have the m-DCI
property but do not have the k-DCI property for any k<m. Such groups
are defined as follows.
Definition 1.2. Let G=E(M, n)=M < (z) be a finite group such that
(i) M is an abelian group of odd order and all Sylow subgroups of
M are homocyclic;
(ii) (z) $Zn where n2, and ( |M |, n)=1;
(iii) there exists an integer l such that for any x # M"[1], z&1xz=x l
and n is the smallest positive integer satisfying ln#1 (mod o(x)).
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By the definition, any non-identity element of (z) centralizes no non-
identity elements of M, and hence by [20, p. 299], E(M, n) is a Frobenius
group with M the Frobenius kernel and (z) a Frobenius complement.
Moreover, we have
Theorem 1.3. Let G=E(M, q) and m=q&1, where q is a prime. Then
G has the m-DCI property but does not have the k-DCI property for any
k<m.
We do not have any other examples. Moreover, as finite groups with the
m-DCI property are very restricted, we are inclined to think that the
groups E(M, q) are all possibilities for groups satisfying Problem 1.1 with
‘‘small’’ values of m, that is,
Conjecture 1.4. Let m2 be an integer, and let G be a finite group
which has a proper subgroup of order d. If m<d&1 and G has the m-DCI
property but not the k-DCI property for any k<m, then m+1 is a prime
and G=E(M, m+1) for some abelian group M.
If the conjecture is true, then for small values of m, a group with the
m-DCI property either lies in an explicit list given in [15], or is E(M, m+1)
for some abelian group M. By [9, 10], the conjecture is true for abelian
groups G, and by [8], the conjecture is true for m=2. The next theorem
shows that the conjecture is also true for m=3 and 4.
Theorem 1.5. Let G be a finite group.
(1) If G has the 3-DCI property then G has the 1-DCI or the 2-DCI
property.
(2) G has the 4-DCI property but does not have the k-DCI property
for any k # [1, 2, 3] if and only if G=E(M, 5) for some abelian group M.
2. PRELIMINARIES
This section draws together some preliminary results which will be used.
The general terminology and notation used in this paper is standard, see
for example [4, 20]. For a finite group G, elements a, b of G are said to
be fused if a_=b for some _ # Aut(G); similarly, subsets S, T of G are said
to be fused if S_=T for some _ # Aut(G). Let 1=Cay(G, S). By the defini-
tion, the group G acting by right multiplication (that is, g: x  xg) is a sub-
group of Aut 1 and acts regularly on V1, we shall denote this regular sub-
group by G . The normalizer of G in Aut 1 is often used to characterize 1.
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Lemma 2.1 (see [6, Lemma 2.1]). Let G be a finite group, and let
1=Cay(G, S). Let Aut(G, S) :=[: # Aut(G) | S_=S]. Then NAut 1 (G )=
G < Aut(G, S).
Next we have a criterion for a Cayley digraph to be a CI-graph.
Theorem 2.2 (Alspach and Parsons [2], or Babai [3]). Let 1 be a
Cayley digraph of a finite group G. Let Sym(G) be the symmetric group on
G. Then 1 is a CI-graph if and only if, for any { # Sym(G) with G {Aut 1,
there exists : # Aut 1 such that G :=G {.
The following result of Gross, together with Theorem 2.2, can provide a
lot of examples of CI-graphs.
Theorem 2.3 (Gross [7]). Let G be a finite group and let ? be a set of
odd primes. If G has a Hall ?-subgroup, then all Hall ?-subgroups of G are
conjugate.
For a prime p, a finite group G is said to be p-nilpotent if it has a normal
Hall p$-subgroup. The following is the well-known Burnside’s Theorem.
Theorem 2.4 (see [20, 10.1.7]). If, for some prime p, a Sylow
p-subgroup P of a finite group G lies in the centre of its normalizer, then G
is p-nilpotent.
Now notice a simple fact that for a group G and SG*,
Cay(G, S)=|G|  |(S) | Cay((S) , S). It follows that
Cay(G, S)$Cay(G, T) if and only if Cay((S) , S)$Cay((T) , T).
The next simple lemmas will often be used.
Lemma 2.5. Suppose that G is a finite group with the m-DCI property
for some positive integer m. Let k be an integer greater than m+1, and sup-
pose that there exist a, b # G such that o(a)=o(b)=k. Then a j is fused to b j
for every integer j.
Proof. Let S=[a, a2, ..., am] and T=[b, b2, ..., bm]. Then Cay((a) , S)$
Cay((b) , T), and so Cay(G, S)$Cay(G, T ). Since G has the m-DCI
property, S_=T for some _ # Aut(G). Thus a_=bi for some integer i, and
so [bi, b2i, ..., bmi]=[a, a2, ..., am]_=S_=T=[b, b2, ..., bm]. By [10,
Lemma 2.1], i=1 and so a_=b. Thus we have that (a j)_=b j for each
integer j. K
Lemma 2.6. For any two elements x, y of a finite group G and any
automorphism : of G, if x is conjugate to y then x: is conjugate to y:.
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Proof. Suppose that z&1xz= y for some z # G. Then (z:)&1x:z:
=(z&1xz):= y:. So x: is conjugate to y: by z:. K
Some results about Sylow subgroups of groups with the m-DCI property
are obtained in [14]. The following lemmas give some further result in the
case where m=3, 4, which will be used in the proof of Theorem 1.3.
Lemma 2.7. Let m # [3, 4], and let G be a finite group with the m-DCI
property. Suppose that p # [3, 5] divides |G|, and let Gp be a Sylow
p-subgroup of G. Then either Gp $Zp , or any two elements of G of order p
are fused.
Proof. Suppose that there exist two elements of G of order p which
are not fused. By [14, Theorem 1.4], Gp is cyclic. Thus by Lemma 2.5,
Gp $Zp . K
Lemma 2.8. Let G be a finite group with the m-DCI property where
m=3 or 4. Let G2 be a Sylow 2-subgroup of G. Then either G2 is elementary
abelian, or G2 $Z4 or Q8 .
Proof. If the order of G2 is at most 4, then the lemma holds. Thus we
may assume that G2 has order greater than 4. First suppose that G2 has
only one involution, then by [20, 5.3.6], G2 is either cyclic or generalized
quaternion. Suppose that G2 is a generalized quaternion group, that is,
G2=(x, y | x2
n
=1, y2=x2n & 1, y&1xy=x&1) ,
where n2. If n3, then G2 contains elements a, b, c such that (a, b)
$Q8 and (c)$Z8 . Set S3 :=[c, c3, c4] and T3 :=[a, b, a2], and set S4 :=
(c)*"S3 and T4 :=(a, b)*"T3 . It is straightforward to check that
Cay((c), S3)$Cay((a, b) , T3), and so Cay((c), S4)$Cay((a, b), T4).
Hence Cay(G, Sm)$Cay(G, Tm). However clearly there is no : # Aut(G)
such that S :m=Tm , which is a contradiction since G has the m-DCI
property. Thus n=2 and G2=Q8 .
Next suppose that G2 is cyclic of order greater than 4. Then there exists
an element x of G2 of order 8. Let S3=[x, x5, x2] and T3=[x, x5, x6], and
let S4=(x) *"S3 and T4=(x) *"T3 . A straightforward checking shows
that Cay((x) , S3)$Cay((x) , T3) and so Cay((x) , S4)$Cay((x), T4),
but S _m{Tm for any _ # Aut((x) ). Now Cay(G, Sm)$Cay(G, Tm). Since
G has the m-DCI property, Sm=T {m for some { # Aut(G). Thus
(x) {=(x) and so { induces an automorphism of (x) , which is a con-
tradiction.
Finally, suppose that G2 has more than one involution. Arguing as in
the previous paragraph, G2 does not contain an element of order greater
than 4. On the other hand, we suppose that G2 has exponent 4, and let a
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be an element of G2 of order 4. Consider N1 :=NG2 ((a) ). Since |G2 |>4,
N1>(a). Suppose that there exists an involution g # N1"(a) . Then
ag=a&1 or a. Let S3=[a, a&1, a2] and T3=[a2, g, a2g], and let S4=
(a, g)"S3 and T4=(a, g)"T3 . It is easy to show that Cay(G, Sm)$
Cay(G, Tm) but Sm is not fused to Tm , which is a contradiction since G has
the m-DCI property. Thus a2 is the only involution of N1 . Since N1 has
exponent 4 and N1>(a) , N1 is not cyclic. It then follows from [20, 5.3.6]
that N1 $Q8 . Since G2 has at least two involutions, G2>N1 . Thus N2 :=
NG2 (N1)>N1 , and so (since N2 still has exponent 4), again by [20, 5.3.6],
there exists an involution g # N2"N1 . Since g does not normalise (a) , b :=
ag  (a). Thus (a, b)=N1 and b g=a, and hence x :=ab satisfies x g=
(ab) g=ba=(ab)&1=x&1. Let S3=[x, x&1, x2] and T3=[x2, g, x2g],
and let S4=(x, g)"S3 and T4=(x, g)"T3 . Similar arguments as above
show that Cay(G, Sm)$Cay(G, Tm) but Sm is not fused to Tm , which is
again a contradiction. Therefore, G2 has exponent 2, and so G2 is elemen-
tary abelian. K
Let 1 be a finite graph such that GAut 1 is transitive on V1. For a
normal subgroup N of G which is intransitive on V1, 1 has a quotient
graph 1N , for which V1N is the set of all N-orbits on V1, and two vertices
U, V # V1N are adjacent in 1N if and only if there exist u # U and v # V
which are adjacent in 1. For a positive integer s, an s-arc in a digraph 1
is a sequence (v0 , ..., vs) of s+1 vertices of 1 such that, for all i with
1is, vi&1 is adjacent to vi , and for all i with 1i<s, vi&1{vi+1 . The
digraph 1 is said to be (G, s)-arc transitive if GAut 1 is transitive on the
set of s-arcs of 1. In particular, a (G, 1)-arc transitive digraph is also called
G-arc transitive, and if G=Aut 1 then a (G, s)-arc transitive digraph is
simply called s-arc transitive. The proof of the following lemma is easy and
omitted.
Lemma 2.9. Let 1 be a connected (G, s)-arc transitive digraph, and let N
be a normal subgroup of G which is intransitive on V1. Then 1 is connected
(GN, s)-arc transitive; the girth and the valency of 1N divides the girth and
the valency of 1, respectively. Moreover, if GN acts faithfully on the set of
N-orbits then the valency of 1N equals the valency of 1 if and only if N acts
semiregularly on V1.
3. THE m-DCI PROPERTY OF E(M, n)
The main aim of this section is to prove Theorem 1.3. The first lemma
gives some simple properties of the groups E(M, n), the proof of which is
easy and omitted.
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Lemma 3.1. For the group E(M, n),
(i) any prime divisor of |M | is greater than n, and ( |M |, l )=1, where
l is as in Definition 1.2;
(ii) CG(z)=(z);
(iii) z normalizes every cyclic subgroup of M.
The next lemma forms a part of the proof of Theorem 1.3.
Lemma 3.2. The group E(M, n) does not have the k-DCI property for
any k<n&1.
Proof. Let G=E(M, n). As in Definition 1.2, write G=M < (z) where
(z) $Zn . Let k<n&1 be a positive integer, and let
S=[z, ..., zk], T=[z&1, ..., z&k].
Then Cay((z) , S)$Cay((z), T ), so Cay(G, S)$Cay(G, T ). Suppose that
G has the k-DCI property. Then there is an element : of Aut(G) such that
S:=T. Since z # S, we have z: # T and so z:=zi for some i # [&1, ..., &k].
Thus [zi, ..., zik]=S :=T=[z&1, ..., z&k]. Let z$=z&1 and i $=&i. Then
[(z$) i $, (z$)2i $, ..., (z$)ki $]=[z$, (z$)2, ..., (z$)k]. By [10, Lemma 2.1], i=&i $
=&1, that is, z:=z&1. Since M is characteristic in G, for any a # M, we
have a:=a$ for some a$ # M with o(a$)=o(a). Since az=a l, where l is as
in Definition 1.2,
za$z&1=(z&1az):=(a l):=(a$) l,
and on the other hand, by Definition 1.2, z&1a$z=(a$) l. Therefore, we have
a$=z(a$) l z&1=(a$) l 2. Thus l2#1 (mod o(a$)), which is a contradiction to
Definition 1.2(iii). Consequently, G does not have the k-DCI property. K
Now we prove that a Cayley digraph Cay(G, S) of G=E(M, n) of
valency n&1 is a CI-graph if and only if Cay((S) , S) is a CI-graph
of (S).
Lemma 3.3. Let G=E(M, n)=M < (z) , and let Cay(G, S) be of
valency n&1. Then Cay(G, S) is a CI-graph of G if and only if Cay((S) , S)
is a CI-graph of (S).
Proof. Suppose that Cay(G, S) is a CI-graph of G. Let T/(S) be
such that Cay((S) , S)$Cay((S), T ). Then Cay(G, S)$Cay(G, T). As
Cay(G, S) is a CI-graph of G, there exists _ # Aut(G) such that S_=T.
Now (S) _=(S _) =(T) =(S) , and so _ induces an automorphism of
(S) which sends S to T. Thus Cay((S), S) is a CI-graph of (S).
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Conversely, suppose that Cay((S) , S) is a CI-graph of (S) , and
we need to prove that Cay(G, S) is a CI-graph of G. Let H=(S) ,
1=Cay(H, S) and A=Aut 1. For any T/G such that Cay(G, S)$
Cay(G, T), Cay(H, S)$Cay((T), T). Let K=(T) and B=Aut Cay(K, T).
Then B$A and |K|=|H|. Let q be a prime divisor of |H|, and let Hq and
Kq be a Sylow q-subgroup of H and K, respectively. We claim that
Hq $Kq . If q>n&1, it follows that Hq is a Sylow q-subgroup of A. Since
A$B, Hq $Kq . Next assume that qn&1. Then a Sylow q-subgroup Gq
of G is cyclic, and so any two subgroups of Gq of the same order
are isomorphic. Since |H|=|K|, we have |Hq |=|Kq | and so Hq $Kq .
Consequently, Hq $Kq for all q, and it follows that K$H. Let _
be an isomorphism from K to H, and let S$=T _. Then Cay(H, S)$
Cay(K, T )$Cay(H, S$). Since Cay(H, S) is a CI-graph of H, (S$){=S for
some { # Aut(H). Thus \ :=_{ is an isomorphism from K to H such that
T \=T _{=(S$){=S.
To complete the proof of the lemma we must show that \ extends to an
automorphism of G. We do this first in the case where |H| is coprime
to n. Assume that ( |H|, n)=1. Then HM and ( |K|, n)=1, so also
KM. Since M is abelian and each Sylow subgroup of G is homocyclic,
it is easy to see that there exists : # Aut(M) such that \ is the restriction
of : to K, that is, : |K=\. Let ; be a map from G to G defined by
(xzi);=x:zi for any x # M and i # [0, 1, ..., n&1].
A straightforward calculation shows that ; is an automorphism of G. Since
y;= y:= y\ for any y # K, T ;=T \=S. Hence Cay(G, S) is a CI-graph
of G.
Next we consider the case where ( |H| , n){1, and hence ( |K|, n){1.
Suppose that H and K are ?-groups of G, where ? is the set of prime
divisors of |G| at most n. Since |S|= |T |=n&1, we have that H, K$Zn .
By Hall’s Theorem, H is conjugate to K (in G). Therefore, S=H"[1] is
conjugate to T=K"[1]. So Cay(G, S) is a CI-graph of G. Thus we may
assume that H and K are not ?-groups of G. Then H=J < (z1) and
K=J$ < (z2) where z1 and z2 are of order dividing n, and both J and J$
are non-trivial subgroups of M. By Hall’s Theorem, to prove that S is con-
jugate in A to T, we may assume that (z1)=(z2)(z) and that z2=zi
for some i # [1, 2, ..., n&1]. Then (J$)\=J and (zi)\=(z$) j for some z$ # H
with o(z$)=o(z) and some integer j # [1, 2, ..., n&1]. Clearly, we may
choose z$ such that xz$=xz for all x # M. For each x # M"[1], we have,
setting x$=x\,
(x$)l i=(xl i)\=(z&ixzi)\=(z$)& j x$(z$) j=(x$) l j,
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so l j&li#0 (mod o(x$)). If j{i, say j>i, then since l is coprime to o(x$),
we have l j&i#1 (mod o(x$)), which is a contradiction to Definition 1.2(iii).
Thus j=i and therefore, (zi)\=(z$) i. Let \ |J$ be the restriction of \ to J$,
and let : # Aut(M) be an extension of \ |J$ . Let ; be a map from G to G
defined as
(xzh);=x: (z$)h for any x # M and h # [0,1, ..., n&1].
As before, noting that Aut((x) ) is abelian, a straightforward calculation
shows that ; is an automorphism of G. It is easy to see that ; |J$=
: |J$=\ |J$ and ; |(z2)=\ |(z2) . Consequently, ; | K=\ and so T
;=T \=S.
Hence Cay(G, S) is a CI-graph of G. Therefore, G has the m-DCI
property. K
Now we can complete the proof of Theorem 1.3.
Proof of Theorem 1.3 By Lemma 3.2, G does not have the k-DCI
property for any k<m. So we need only verify that G has the m-DCI
property. Let Cay(G, S) be a Cayley digraph of G of valency m. To prove
that Cay(G, S) is a CI-graph of G, by Lemma 3.3, we only need to prove
that 1 :=Cay((S) , S) is a CI-graph of (S). Let A=Aut 1 and A1 the
stabilizer of 1 in A. Since 1 is a connected digraph of valency m (=q&1),
it follows that all prime divisors of |A1 | are less than q. As all prime divisors
of |G| are at least q, |(S) | and |A1 | are coprime. Therefore, A1 is a
?-group and (S) is a Hall ?$-subgroup of A, where ? is the set of primes
less than q. By Theorem 2.3, all Hall ?$-subgroups of A are conjugate to
(S). Thus by Theorem 2.2, 1 is a CI-graph of (S) , and so by Lemma 3.3,
Cay(G, S) is a CI-graph of G. Therefore, G has the m-DCI property. This
completes the proof of Theorem 1.3. K
In contrast to Theorem 1.3, we shall show that E(M, 4) has neither the
3-DCI property nor the 4-DCI property in the following proposition.
Proposition 3.4. For any abelian group M, E(M, 4) does not have the
m-DCI property for m=3, 4.
Proof. Write E(M, 4)=M < (z) . Let a # M be a non-identity element
of order a prime p, and write G=(a) < (z) . Then G$Zp < Z4 is a
Frobenius group. Let
S={[az, a
&1z, z2],
[az, a&1z, z, z&1],
if m=3,
if m=4.
Let 1=Cay(G, S), and let A=Aut 1. Let { be the inner automorphism of
G induced by z2. Then o({)=2, a{=a&1 and z{=z. Thus { fixes S, and by
Lemma 2.1, { # A and normalizes G . Write G =(a^) < (z^) , and let c={z^2.
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For any aiz j # G where i, j are integers (note that we are identifying V1
with G), we have that (a iz j)c 2=(aiz j){z^2{z^2=aiz j. Thus c is of order 2.
Further,
(aiz j) a^c=(aiz ja){z^ 2=(a&iz ja&1) z^2=a&iz ja&1z2=a&iz j&2a,
(aiz j)ca^=(aiz j){z^2a^=a&iz j&2a.
Thus (aiz j) a^c=(aiz j)ca^, so a^c=ca^. Similarly, z^c=cz^, and so c centralizes G .
In particular, G _(c) A.
As (az, a&1z)=G, 7 :=Cay(G, [az, a&1z]) is connected. It is easy to
see that the edge set of 7 is an orbit of Aut 1 on the edge set of 1. It then
follows that A is a subgroup of Aut 7. Observe that 7 is a digraph of
valency 2 and girth 4. It follows that 7 is not 3-arc transitive, and so
|Aut 7: G |=2 or 4, in particular, |A1 |=2 or 4, where A1 is the stabilizer
of 1 in A. Suppose that |A1 |=4. Then Aut 7=A, and G IG _(c) IA.
Let G p be a Sylow p-subgroup of G , and let C=CA (G p). Then G p is a
characteristic subgroup of G _(c) , and so G p IA. As G is a Frobenius
group and NA (G p)CA (G p)Aut(G p) which is cyclic, it follows that
C=G p_C2 such that C2 is of order 4. Now C2 is a characteristic subgroup
of C and C IA, so C2 IA. Consider the quotient graph 7C2 . It follows
as G is a Frobenius group that AC2 $G and that AC2 acts faithfully on
V7C2 . Suppose that C2 acts semiregularly on V7. Then C2 -orbits on V7
have size 4, and so 7C2 is of order p. Thus 7C2 is a Cayley digraph of Zp ,
and by Lemma 2.9, 7C2 is of valency 2 and (AC2 , 2)-arc transitive, which
is not possible. Thus C2 acts non-semiregularly on V7, and so C2 -orbits on
V7 have size 2. By Lemma 2.9, 7C2 is connected of order 2p and has girth
dividing 4 and valency 1. This is not the case.
Thus |A1 |=2, so that A=G _(c) . Further, a^ z^c=(a^l)c=a^l=a^ z^ where l
is an integer as in Definition 1.2, so that G :=(a^, z^c)=(a^) < (z^c)$G .
We claim that G acts regularly on V1 so that G =G \ for some \ # Sym(V1 ).
Since G $G , we only need to show that no element of G * has fixed points
in V1. For an element x # G , either o(x)= p so that x # (a^) and x fixes no
points in V1, or o(x) | 4 so that x is conjugate to an element of (z^c). Thus
we only need to prove that (z^c)2 fixes no point in V1. Suppose that (z^c)2
fixes aiz j for some integers i, j. Then
aiz j=(aiz j) (z^c) 2=(a iz j) z^{z^ 3{z^ 2=aiz j+2.
Thus z2=1, which is a contradiction. So G acts regularly on V1. Now it
is easy to see that G is not conjugate in A to G . By Theorem 2.2, 1 is not
a CI-graph of G.
Hence there exists Cay(G, T ) such that Cay(G, S)$Cay(G, T ) and
S:{T for any : # Aut(G). Let H=E(M, 4). Then we have that Cay(H, S)
$Cay(H, T). If H has the m-DCI property, then S;=T for some ; # Aut(H).
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As G;=(S) ;=(S;)=(T)=G, ; induces an automorphism of G which
sends S to T, a contradiction. Therefore, H has no the m-DCI property for
m=3 and 4. K
4. GROUPS WITH THE m-DCI PROPERTY FOR m=3, 4
The main aim of this section is to prove Theorem 1.5. We shall fulfill this
aim in two subsections, and we shall always assume that m=3 or 4.
4.1. Frobenius Groups
Now we consider a class of Frobenius groups with the m-DCI property,
which will be shown to be the candidates of groups with the m-DCI
property in the next subsection.
Proposition 4.1. Let G=M < (z) where o(z)=3, 4 or 5. Suppose that
G is a Frobenius group with M the Frobenius kernel and that G has the
m-DCI property where m=3 or 4. Then each Sylow subgroup of M is
homocyclic, o(z)=3 or 5, and further G=E(M, o(z)) or A4 .
Proof. Note that G is soluble. Thus by [14, Theorem 5.1], each Sylow
subgroup of G of odd order is homocyclic. Since G is a Frobenius group,
it follows that a Sylow 2-subgroup of M is neither quaternion nor non-tri-
vial cyclic. Thus by Lemma 2.8, if 2 | |M | then a Sylow 2-subgroup of M
is noncyclic elementary abelian. Therefore, every Sylow subgroup of M is
homocyclic.
Assume first that z normalizes every cyclic subgroup of M of prime-
power order. Then it follows that z normalizes each cyclic subgroup of M.
Thus for any x # M"[1], we have xz=xi (x) for some integer i (x) #
[1, 2, ..., o(x)&1]. Since z does not centralize x, i (x){1. Let x1 , x2 # M be
such that (x1) & (x2)=1. As 1i (x)<o(x), and
x i (x1x2)1 x
i (x1x2)
2 =(x1x2)
i (x1x2)=(x1x2)z=xz1 x
z
2=x
i (x1)
1 x
i (x2)
2 ,
we have i (x1)=i (x1x2)=i (x2)=: i say. For any y # M, either ( y) &
(x1) =1 or ( y) & (x2)=1. Thus i ( y)=i (x1) or i (x2), and so i ( y)=i. It
follows that G=E(M, o(z)), and so by Proposition 3.4, o(z)=3 or 5, as
required.
Assume now that z does not normalize (a) for some a # M. We shall
treat the case o(z)=4 and the case o(z)=3 or 5 separately.
(1) Consider the case o(z)=4. In this case, M is of odd order. If
there exists x # M such that y :=xxz 2{1, then z2 centralizes y, which is a
contradiction since G is a Frobenius group. Hence xz 2=x&1 for every
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x # M. As z does not normalize (a) , b :=az  (a). Suppose that (a) &
(b) =1. Let S3=[a, b, a&1], T3=[a, ab, a&1], S4=[a, b, a&1, b&1] and
T4=[a, ab, a&1, (ab)&1]. Then Cay((a, b) , Sm)$Cay((a, b), Tm), and
hence Cay(G, Sm)$Cay(G, Tm). However, all elements of Sm are con-
jugate, and a is not conjugate to ab. By Lemma 2.6, Sm is not fused to Tm ,
which is a contradiction since G has the m-DCI property. Thus we have
that (a) & (b) {1. Then (a, b)=(a)_(d) where 1<o(d)<o(a) so
that b=aid j for some integers i, j with j coprime to o(d ) (as (a, b) =
(a, d) ). Since o(d )3 is odd, there exists an integer j0 # [1, 2, ..., o(d )&1]
such that j0{ j and ( j0 , o(d ))=1. Let b$=aid j0. Set S3=[a, b, a&1], T3=
[a, b$, a&1], S4=[a, b, a&1, b&1] and T4=[a, b$, a&1, b$&1]. It is easy
to see that (Sm) = (Tm) = (a, b) and there exists _ # Aut((a, b) )
such that a_=a and (d j)_=d j0, so S _m=Tm . It then follows that
Cay(G, Sm)$Cay(G, Tm). However, all elements of Sm are conjugate, and
a is not conjugate to b$. By Lemma 2.6, Sm is not fused to Tm , which is a
contradiction. Therefore, z normalizes every cyclic subgroup of M, which is
a contradiction.
(2) Consider the case o(z)=3 or 5. Suppose that M is of even order,
and let M2 be the Sylow 2-subgroup of M. Then M2 IG, and M2 is non-
cyclic elementary abelian. Let a0 be an involution of M2 , and let ai=az
i
0 for
1io(z)&1. Suppose that |M2 |>4. Then there exists b # M *2 "a(z)0 . Let
S3={[a0 , a1 , a0a1],[a0 , a1 , a2],
if o(z)=3,
if o(z)=5;
T3={[a0 , b, a0b],[a0 , a1 , b] with b{ 0a1 ,
if o(z)=3,
if o(z)=5;
S4=(a0 , a1 , a2) *"S3 ;
T4=(a0 , a1 , b) *"T3 .
Note that since z centralizes no elements of M2 , a2=a0a1 if and only if
o(z)=3. It is then easy to show that Cay(G, Sm)$Cay(G, Tm). Since G has
the m-DCI property, S _m=Tm for some _ # Aut(G). It follows from
Lemma 2.6 that a0 is conjugate to b, which is a contradiction. Hence
|M2 |4, and so either M2=1, or M2 $Z22 and o(z)=3. In particular, if
M=M2 then G$A4 .
Assume that there exists an odd prime p | |M |, and assume that the
exponent of Mp equals pr for some r1, and take an element a # Mp of
order pr. Let b=az. We are going to prove that b # (a). Suppose that
(a) & (b) =1. Then there exists _ # Aut((a, b) ) such that a_=a&1 and
b_=b. Let S3=[a, b, ab], T3=[a&1, b, a&1b], S4=[a, b, ab, (ab)&1] and
T4=[a&1, b, a&1b, (a&1b)&1]. Then S _m=Tm , and so Cay((a, b) , Sm)$
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Cay((a, b) , Tm). Thus Cay(G, Sm)$Cay(G, Tm), and since G has the
m-DCI property, there is : # Aut(G) such that S :m=Tm . It is easy to
show that [a, b]:=[a&1, b]. Since az=b, it follows from Lemma 2.6 that
(a&1)zk=b for some integer k # [1, 2, ..., o(z)&1]. Thus z&ka&1zk=b=
z&1az, so z&k+1a&1zk&1=a, which is a contradiction since both a and z
are of odd order. Thus (a) & (b){1, and so (a, b)=(a)_(c) $
Zp r _Zps , where c # Mp such that o(c)= ps for some s<r. Suppose that
b  (a) . Then o(c)= ps>1, and b=aic j for some integers i, j coprime to
p (as (a, b) =(a, c) ) with 1ipr&1. Let S3=[a, c, ac], T3=
[a, c&1, ac&1], S4=[a, c, ac, (ac)&1] and T4=[a, c&1, ac&1, (ac&1)&1].
It follows that Cay(G, Sm)$Cay(G, Tm), and as G has the m-DCI
property, we have S :m=Tm for some : # Aut(G). Thus (a, c)
:=(a, c&1).
Now z:=dzk for some d # M and some integer k with 1ko(z)&1.
Since az=b,
z&kazk=z&ka:zk=(z&1): a:z:=(z&1az):=b:=(aic j):=aic& j.
Thus z&ka pszk=aips=bps=z&1a psz, that is, z&(k&1)a pszk&1=a ps. Since G is
a Frobenius group, zk&1=1 and so k=1. Thus a ic j=b=z&1az=z&kazk
=aic& j, and so c2j=1, which is a contradiction. Therefore, b # (a) and
thus z normalizes every cyclic subgroup of M of odd prime-power order.
By our assumption, |M | is even. We have shown that a Sylow 2-subgroup
M2 of M is isomorphic to Z22 . Let g1 be an involution of M2 , and let
g2= gz1 . Let a be an element of M of order p. Then a
z=ak for some integer
k. Set u :=g1a, v :=g2 ak, x :=g1ak and y :=g2a. Let S3=[u, v, uv],
T3=[x, y, xy], S4=[u, v, uv, (uv)&1] and T4=[x, y, xy, (xy)&1]. It is
easy to see that (Sm)=(Tm)=(u, v) =(x, y) and there exists
_ # Aut((x, y) ) such that u_= y and v_=x. Thus S _m=Tm , and so
Cay((Sm) , Sm)$Cay((Tm) , Tm) and Cay(G, Sm)$Cay(G, Tm). Since G
has the m-DCI property, there exists : # Aut(G) such that S :m=Tm . It
follows that [u, v]:=[x, y]. Since uz=v, it follows from Lemma 2.6 that
(g1ak)z
i
=xz i= y= g2 a for some integer i # [1, 2, ..., o(z)&1]. Thus
z&ig1zi= g2 and z&iakzi=a. Therefore, z&ig1zi= g2=z&1g1 z and
z&i&1akzi+1=z&1 (z&iakzi)z=z&1az=ak, so zi&1 centralizes g1 and zi+1
centralizes ak. Since 1io(z)&1 and o(z)=3 or 5, at least one of i&1
and i+1 is nonzero. This is a contradiction since G is a Frobenius group,
completing the proof of the proposition. K
4.2. Proof of Theorem 1.5
Now we are ready to complete the proof of Theorem 1.5:
By Theorem 1.3, E(M, 5) has the 4-DCI property but does not have the
k-DCI property for k=1, 2, or 3.
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Conversely, let m # [3, 4], and suppose that G is a finite group which has
the m-DCI property but does not have the k-DCI property for any k with
1k<m. Then in particular G does not have the 1-DCI property. Thus
there exists a pair of elements a, b of the same order which are not fused.
By Lemma 2.5, o(a)m+1. So either o(a)4, or o(a)=5 and m=4. For
a prime p | |G|, let Gp be a Sylow p-subgroup of G. Since now o(a) is a
prime-power, by the Sylow’s Theorem, we may assume that a, b lie in the
same Sylow subgroup, say a, b # Gp for the prime p dividing o(a) (so
p=2, 3, or 5).
Case 1. Assume that o(a)=2. Then p=2 and G2 contains two involu-
tions a, b which are not fused. Hence G2 is noncyclic elementary abelian
group (see Lemma 2.8), and NG(G2) has at least two orbits on G*2 .
Suppose that each NG(G2)-orbit on G*2 has size 1. Then NG(G2)=
CG(G2). By Theorem 2.4, G is 2-nilpotent, that is, G=G2$ < G2 where G2$
is a Hall 2$-subgroup of G. In particular, G is soluble. Let N be a minimal
characteristic subgroup of G2$ . Then N IG and N is an elementary abelian
q-group, q an odd prime. For any x # N*, if xa # (x) then xa=x or x&1;
if x$ :=xa  (x) then x$a=x and so (xx$)a=x$x=xx$. Thus there always
exists an element x # N* such that xa=x= where ==1 or &1. Similarly,
there exists y # N* such that yb= y=$ where =$=1 or &1. Let
S3=[x, x&1, a] and T3=[ y, y&1, b]. If q>3 then let S4=[x, x&1, x2, a]
and T4=[ y, y&1, y2, b]; if q=3 then let S4=(x, a) *"[a] and T4=
( y, b)*"[b]. It is straightforward to check that Cay((Sm) , Sm)$
Cay((Tm) , Tm), and hence Cay(G, Sm)$Cay(G, Tm). Since G has the
m-DCI property, Sm is fused to Tm . It then follows that a is fused to b,
which is a contradiction.
Thus some NG(G2)-orbit O on G*2 has size s>1. Then s3, and as a
and b are not fused, there exists y # G*2 "O. Let O=[x1 , x2 , ..., xs]. If
there exist xi , xj , xk # O such that xk=xi xj , then let S3=[xi , xj , xk],
T3=[x i , y, xiy], S4=[xi , xj , xk , y] and T4=[x i , y, x iy, x j]; if x ixj  O
for any i{ j, then let S3=[x1 , x2 , x3], T3=[x1 , x2 , x1x3], S4=
[x1 , x2 , x3 , x1x2] and T4=[x1 , x2 , x2x3 , x1x2]. It is easy to see that (Sm)
$(Tm) and that there exists an automorphism : from (Sm) to (Tm) such
that S :m=Tm . Thus Cay((Sm), Sm)$Cay((Tm), Tm), and so Cay(G, Sm)
$Cay(G, Tm). However, 3 elements of Sm lie in the same NG(G2)-orbit O
but this is not true for Tm . Since G2 is abelian, by [22, p. 143], two
elements of G2 are conjugate in G if and only if they are conjugate in
NG(G2). It follows from Lemma 2.6 that there is no _ # Aut(G) such that
S _m=Tm , which is a contradiction since G has the m-DCI property.
Case 2. Assume that o(a)=3. Then by Lemma 2.7, G3 $Z3 . Thus
since a, b # G3 and a is not fused to b, we have that b=a&1 and
NG(G3)=CG(G3). By Theorem 2.4, G is 3-nilpotent, and so we may write
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G=G3$ < G3 . Moreover, it follows from Lemma 2.5 that G3 centralizes no
non-identity element of G3$ . Thus by [20, 10.5], G is a Frobenius group
with G3$ the Frobenius kernel and G3 a Frobenius complement. By
Proposition 4.1, G=A4 or E(G3$ , 3). But A4 has the 1-DCI property, and
by Theorem 1.2, G has the 2-DCI property, which is a contradiction.
Case 3. Assume that o(a)=5 so that m=4. Then by Lemma 2.7,
G5 $Z5 and so G5=(a)=(b). Since Aut((a) )$Z4 , |NG((a) )
CG((a) )| divides 4. If |NG((a) )CG((a) )|=4 then it follows that a is
conjugate to b, a contradiction. Suppose that |NG((a) )CG((a) )|=2. It
follows that there exists g # NG((a) ) such that a g=a&1. Since a is not
fused to b, b{a&1 and so b=a2 or a3. Let S=[b, a, a&1, g] and
T=[a, a2, a&2, g]. It is easy to show that Cay((S) , S)$Cay((T) , T ),
and thus Cay(G, S)$Cay(G, T ). Since G has the 4-DCI property, S is
fused to T and so a is fused to b, which is a contradiction. Thus
NG((a) )=CG((a) ). By Theorem 2.4, G is 5-nilpotent, and so we may
write G=G5$ < (a) where G5$ is a Hall 5$-subgroup of G. Moreover, it
follows from Lemma 2.5 that G5 centralizes no non-identity elements of G.
Thus by [20, 10.5], G is a Frobenius group with G5$ the Frobenius kernel.
By Proposition 4.1, G=E(G5$ , 5).
Case 4. Assume that o(a)=4. By Lemma 2.8, G2 $Q8 or Z4 . Suppose
that G2 $Q8 . Since a, b # G2 and a is conjugate to a&1, b{a&1. Let
S3=[a, a2, a&1], T3=[b, b2, b&1], S4=G2"(a) and T4=G2"(b). It is
easy to see that Cay(G2 , Sm)$Cay(G2 , Tm), and thus Cay(G, Sm)$
Cay(G, Tm). Since G has the m-DCI property, S is fused to T and so a is
fused to b, which is a contradiction.
Thus G2 $Z4 . Since a, b # G2 and a is not fused to b, we have that
b=a&1. It follows that NG(G2)=CG(G2). By Theorem 2.4, G is 2-nilpo-
tent, and so we may write G=G2$ < (a). By Cases 2 and 3 of this proof,
any two elements of G of order 3 or 5 are fused. By Lemma 2.5, any two
elements of G of order k are fused if km+2. Since G2$ is of odd order,
any element of G2$ has order 3, 5 or km+2. Thus all elements of G2$ of
the same order are fused. By [13, Corollary 1.3], G2$=M < L, where
( |M |, |L| )=1, M is abelian and L is cyclic. Thus G=G2$ < (a) =
M < (L < (a) ). Note that, by Lemma 2.5, a centralizes no non-identity
elements of G2$ .
Suppose that a2 centralizes some x # M"[1] where o(x) is a prime.
If y :=xa{x&1, then, since ya=xa2=x and M is abelian, we have
(xy)a=xy, which is a contradiction. Thus xa=x&1. Let S3=[x, x&1, a],
T3=[x, x&1, a&1], S4=[x, x&1, a, a2] and T4=[x, x&1, a&1, a2]. Then it
is easy to show that Cay((a, x) , Sm)$Cay((a, x), Tm), and so
Cay(G, Sm)$Cay(G, Tm). Since G has the m-DCI property, Sm is fused to
Tm , and it then follows that a is fused to a&1, which is a contradiction.
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Suppose now that a2 centralizes some x # L. Then a normalizes (x) ,
and similarly this leads to a contradiction. Thus a2 centralizes no non-
identity element of G2$ . By [20, 10.5], G2$ is nilpotent, and it follows that
G is a Frobenius group with G2$ the Frobenius kernel and (a) a
Frobenius complement. By Proposition 4.1, G does not have the m-DCI
property. K
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